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The time-dependent behavior of Newtonian oscillating manometers was studied experimentally
and mathematically. The manometers were simulated by numerically integrating the axial com-
ponent of the equation of motion in cylindrical coordinates. Modifications in the driving-force
term were made to include end effects of surface tension and flow reversal. The integrations
showed that the velocity profiles in the manometer were not parabolic and contained many
maxima and minima, particularly when the fluid had a low viscosity. Good agreement was ob-
tained between experimental and simulation frequencies and damping factors.

The oscillating manometer provides a simple system
with which to test the time-dependent rheological proper-
ties of non-Newtonian fluids. However, before the man-
ometer can be used in non-Newtonian tests, the time-de-
pendent behavior of Newtonian fuids in the manometer
must be well known. A study of previous mathematical
developments (1, 2, 3, 4, 5) describing the oscillating
manometer revealed that overall force or mechanical en-
ergy balances had been employed with the assumption
that the velocity profile within the manometer had a con-
stant shape, usually parabolic, at all times with the am-
plitude a function of time. With this assumption, the force
balance and the mechanical energy balance led to two
different differential equations and also to results which
did not agree with experimental data for manometers con-
taining low-viscosity fluids. As a result, the efforts reported
here were initiated to develop a satisfactory simulation of
the Newtonian oscillating manometer.

To simulate the time-dependent behavior of the oscil-
lating manometer, the axial component of the equation of
motion in cylindrical coordinates was numerically inte-
grated on a digital computer. The driving force in the
equation was modified by end-effect corrections to take
into account surface tension and flow reversal at the ends
of the moving columns. The integrations were compared
with thirteen experimental runs with three diameter tubes
and five Newtonian fluids with varying viscosities. The
agreement between experimental and simulation damping
factors and cycle times was very good. Also, the numeri-
cal calculations showed that the velocity profiles in the
manometer are extremely distorted and deviate greatly
from a parabolic configuration. The results indicated that
non-Newtonian rheological models could be tested by
using similar integration procedures modified by the ap-
propriate end-effect corrections.

EXPERIMENTAL EQUIPMENT, PROCEDURE AND RESULTS
Equipment Description

The manometers used in the experimental study were
formed from soft glass tubing and had the dimensions indi-
cated in Figure 1 and in Table 1.

John C. Biery is with the Los Alamos Scientific Laboratory, Los Alamos,
New Mezxico.
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Fig. 1. Manometer with characteristic dimen-
sions.

The radius of the bend was made as large as possible to mini-
mize the distortion of the laminar streamlines around the
bend. With small radius bends, a significant flow perpendicu-
lar to the longitudinal axis would exist. In making the bends,
the tubing was slightly necked down in the curved region,
The degree of necking is indicated by the radii of the tube
in the straight and curved sections. The radii of these sections
were determined by weighing the quantity of water required
to il the respective sections.

Auxiliary items of equipment were an electric stop watch
for measuring cycle times, a mercury thermometer for record-
ing room and fluid temperatures, and a rubber tube with
bleed valve and rubber stopper for applying air pressure to
one leg of the manometer. The stop watch could be read to
within == 0.01 sec. while the thermometer was accurate to =+
0.1°C. The amplitudes of the moving fluid were measured

TaBLE 1. MaNomeTER Tuse DiMENSIONS

Total

Tube inside length

Straight section ~ Bend radius, cm. along

Tube  length, cm. radius  Straight Curved  center
no. 11 12 cm., section section line, cm.

1 32.45 28.60 19.69 1.267 1.251 122.89

2 30.28 3028 20.04 1.078 1.052 123.52

3 31.90 30.25 1953 0.4602 04545 12351
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TABLE 2. EQuIVALENT DiMENsIONLEss TiME UNrTs

No. of units

Manometer no. Radius, cm. equivalent to 0.01 sec.
1 1.25 0.34
2 1.05 0.37
3 0.45 0.57

with a scale which could be read to within + 0.02 cm.

Viscosities for the Newtonian fluids utilized in the experi-
ments were checked by running samples on a cone-and-plate
viscometer (6, 7). The data obtained on the viscometer
checked within = 2% of the values presented in standard
tables (8) and as a result, the tabular values for all solutions
were utilized. The densities of the fluids required to check the
viscosities from the tables were determined by weighing sam-
ples in a 25 ml. pycnometer at 25°C.

Experimental Procedure

Startup. The legs of the manometer were brought into im-
balance by applying air pressure to the right-hand leg. When
the legs were stationary at the desired height position, the air
supply was quickly removed, and the fluid was allowed to
oscillate freely. The air pressure was supplied to the glass
tube through a hose connected to a rubber stopper. The air
pressure was removed by removing the stopper. Thus, no air-
flow restriction existed in the end of the tube. However, on
the first one-half cycle, some added damping existed while
the higher pressure air flowed out of the manometer tube.

Cycle-Frequency Measurements. The oscillation cycle times®
were determined by measuring to the nearest 0.01 sec. the
time required for the fluid to oscillate from initial start-up to
the desired maximum or minimum in amplitude of the particu-
lar cycle of interest. The timer was started and stopped with
a manual switch. The instant for stopping the timer was de-
termined by visually observing the maximum in amplitude.
This method of measuring the cycle times produced random
errors owing to human reflexes and judgement; therefore, for
each cycle time many observations were made, and the aver-
age of the times was taken as an estimate of the actual cycle
time. The standard deviations, range of time measurements,
and confidence interval for the measurements are given in
Table 6 in the Appendix.

In Table 6, the cycle-time observations were assumed to
come from a normally distributed population. The estimated
standard deviations were obtained from the range of data and

# One full-cycle period is the time required for the legs to return to a
maximum position similar to the initial position. A half-cycle period is

the time required to attain a minjmum position with the legs reversed
relative to the initial position.

{ The Appendix to this paper has been deposited as document 7638
with the erican Documentation Institute, Photoduplication Service,
Library of Congress, Washington 25, D. C.,, and may be obtained for
$2.50 for photoprints or $1.75 for 35-mm. microfilm. g

the number of observations, and the confidence interval of the
mean was obtained by applying the student ¢ test (9).

The measurement of one cycle time by subtracting two con-
secutive cycle-time measurements had 90% confidence inter-
vals ranging from * 0.04 to =+ 0.06 sec. See Table 2 for
equivalence between real time and dimensionless time units
for the three manometers. For the no. 1 manometer, these times
correspond to + 1.4 to 2.0 dimensionless units. However, if
the unit cycle times after the first cycle are assumed to be con-
stant, the average cycle time obtained by subtracting the time
of the first complete cycle from the nth cycle time and divid-
ing by n— 1 had confidence intervals ranging from =+ 0.007
sec. to = 0,025 sec. For the low-viscosity fluids which oscillated
for many cycles, the average cycle time was measured quite
accurately. However, for the fluids that oscillated from one-half
to one cycle, the confidence interval was quite large, = 0.035
sec., when compared to the total time of 1.0 to 1.5 sec. being
measured.

The amplitude of each oscillation was measured by adjusting
rubber bands on the outside of the tube to correspond to the
maximum and minimum position of the liquid meniscus in
each leg for each cycle. The band was positioned correctly
when the meniscus just touched. the lower edge of the band on
the upstroke or just appeared below the band on the down-
stroke. A light background was used to illuminate brightly the
meniscus and indicate the point of contact. No statistical repli-
cations of the height measurements were made; however, the
errors involved in the measurements were believed to be less
than = 1% for heights greater than 5 cm. and = 0.05 cm.
for heights below 5 cm.

The errors in the calculated damping factors* depend upon
the height range involved. For instance, an amplitude decre-
ment from 10 to 5 cm. in half of a cycle could result in meas-
ured damping factors from 0.221 to 0.209 from the uncertain-
ties listed above. This range gives a bond of + 3% in which
the actual damping factor could lie, Similarly, a decrement
from 10 to 1 cm. would have errors of = 1.5% about the

®* The amplitude decrement data were analyzed by applying the stand-
ard second-order damped harmonic differential equation solution to each
half cycle (10). Thus, if this equation did not apply over the whole time
range, the damping factor would vary from cycle to cycle. The differen-
tial equation is as follows:

d*h® dh*

+ 2wn §
di22 di*

where. [ is the damping factor and w» is the natural frequency of the sys-
tem. This equation has the following underdamped solution:

+ wnth® = 0 (1)

ho® ” S
h® = — g-tt*on | gin| wwnt? + tan-“—r— sw=V1 - (2)
© .

When the amplitudes of the harmonic motion are known, the damping
factor can be calculated from

2 1 h*a z
= | —m(— (3)
1 -—4§2 nw h%s
where n is the number of half cycles between height measurements, h¥%s
and h®s.

TasLE 3. ExPERIMENTAL CONDITIONS FOR MANOMETER RUNs

Fluid type
Runno. Aqueous solution of ~ Weight, % Temp., °C,
20 ‘Water 100.00 23.0
21 Glycerine 48.49 23.5
22 Glycerine 72.46 23.4
24 Sucrose 65.18 24.0
31 Water 100.00 24.0
32 Glycerine 48.49 24.0
33 Glycerine 72.46 24.8
34 Glycerine 82.04 24.2,
35 Sucrose 65.18 24.2
41 Water 100.00 24.1
42 Glycerine 48.49 24.2
43 Glycerine 72.46 24.0
44 Glycerine 82.04 24.0

® The tube radius is an average of the curved and straight section radii weighted by the length of fluid in each section.
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Fluid viscosity, Fluid length,  Tube radius,*
Fluid density centipoise cm. cm.
0.9975 0.9358 91.27 1.256
1.120 491 90.82 1.256
1.186 23.8 76.37 1.254
1.315 116.0 89.35 1.256
0.9973 0.9143 89.52 1.058
1.119 475 91.05 1.059
1.185 21.6 90.82 1.059
1.211 58.0 92.22 1.059
1.315 114 90.62 1.059
0.9973 0.9101 88.16 0.4562
1.119 4.75 91.36 0.4564
1.185 22.3 91.40 0.4564
1.212 58.5 90.91 0.4563
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Fig. 2. Rectangular manometer for illustrative
example.

mean damping factor of 0.590. The errors below 1 cm. are
much greater. A change from 1 to 0.5 cm has an error of +
21% about the 0.215 damping factor. Also, from 1 cm. to 0.1
cm.,, the error band is == 16% about an average factor of 0.600.

Experimental Results

In Table 3 the experimental conditions that existed dur-
ing each manometer run are tabulated. In Table 7 in the
Appendix are found the experimental amplitude and cycle-
time measurements that were determined in each run.

MATHEMATICAL SIMULATION
Without the Inclusion of Secondary Effects

The velocity profile and, as a result, the average veloc-
ity of the fluid in the manometer can be determined by
numerically integrating the axial component of the equa-
tion of motion in cylindrical coordinates which have the
following form with the assumptions that vr = 0, ve = 0,
and v: = vu(7, ¢) *.

vz ( 6P+ )+ [1 B( avz)](4)
= —_— —— 2 —— r
P at 9z PE # r or ar
The dimension z is taken along the center line of the tube
and is positive when directed upward along the left-hand
tube (Figure 1). Also, the surface levels of the liquid in
the two legs are indicated by hi for the left leg and h2

for the right leg. The quantities h1 and h2 are positive in
the positions shown in Figure 1.

P
The forcing function (— T +p gz) is independent
z

of position and for the manometer equals p g(h1 + he)/
Liota1. A simple example with a right-angle manometer
shown in Figure 2 helps to indicate the validity of the
above statement:

* These assumptions ignore the effects of the cnrved section in the
manometer, The curvature forces some fluid to flow radially. With a large
radius curve, this effect was minimized. When the ratio ro/R is smaller
the effect is smaller.

The increase in friction factor owing to the curvature in steady flow
around a curved pipe when compared to flow through a straight pipe
has been correlated as a function of

1o \Y2/210<0>p
_— ( ) (See ref 13).
"

R

The experimental data from all of the runs were analyzed with the above
correlation to determine whether or not curvature effects could be signifi-
cant. The maximum average velocity in each cycle was used in the analy-
sis. The correlation indicated that curvature effects did not exist in cycles
3 and 4 of run 22, all of run 24, cycles 2, 3, and 4 of run 33, all of runs
34, 35, 43, and 44, and the last cycle of runs 41 and 42. Curvature
effects were indicated to be significant for runs 20, 31, and 41. For these
last runs the curved-pipe friction factor was at least twice the straight-
pipe friction factor at the maximum velocities used. As indicated in the
conclusions section, the curvature effect appeared to be negligible for all
runs other than 20, 31, and 41.
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dz 0z
Po— P _Pi—P2  Pa—Po (5)
Lx B, L. 8
a
—P1+P2=—PL2 (6)
02
0P
Po—P1 — — pgLi — —— L 7
() 1 pgLly P 1 (7)
P
—-P0+P2=ng3———az—L3 (8)

' 0P P
Ls—L1) — 2 (L1 + Ls) = —L 9
pg(Ls—L1) —— (L1 + Ls) = —— L2 (9)
:3?__ (Li—Ls)pg  (h1+ hs)pg
9z Li+Le+Ls

With dimensionless variables and hi = h: = h, the
equation of motion takes the following form:

ovz" 4h“+(1)1 6(“8074”') (11)
—_—— e — — _— ) —_ — 7

ot* 3 L*® 6Q1/ r* or* ar*

The average velocity is obtained by integrating the

velocity profile over the area of the tube:

h* 1

an” _ <> = 2f v r*dr®
dt* 0

The dimensionless groups are listed below:

3 1/2
t¥ =t<—2—g/1‘o )

(10)

Ltotal

(12)

h»c = h/ro
—1/2
v* =0 (%—rog)
L# = L/To
= r/ro

1 2,
o= (gem) " (£)
! 24g 7

The solution of the above equations in closed form is
not readily obtained; therefore, the equations were inte-
grated numerically on a digital computer. With k, the
radial grid index, and m, the time grid index, the equa-
tions assumed the following form when the derivatives
were replaced with first-order difference approximations:

4\ at*
0¥k, m+1 =1)‘k,m‘—“(——) h¥m +

3/ L*
(garemye) L(1e ) e
B (Ar°) 2 oK/ © T
) otonn
fm —— ) o*-1,m 1
2Uk,+<1 2kUk1 (13)

At the center line, Equation (14) was used; Equation
(18) is indeterminate with k equal to zero for the center
position:

4 At*
v¥0,m+1 = 0,m— (-g- s )h‘m +
4A1*
(Ggays ) = vtoml 19
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Fig. 3. Flow reversal at end of manometer
fluid.

The average velocity was obtained by numerically in-
tegrating the velocity profile over the tube area by re-
peatedly using Simpson’s integration rule (11)

2
<V¥>p = 5 (Ar*)2 [40*1,m (1) + 20%2,m(2) +
40%3,m(8) + ... + k-1, m(K—1)] (15)
where K is the number of radial subdivisions.

The new interface position of the manometer fluid is
found by integrating the average velocity over the time
increment with the modified Euler formula.

h*m+1=h*n + 1/2 (<U‘>m+1 + <0*>m)At? (16)

With Equations (13), (14), (15), and (18), the approxi-
mate velocity profile can be obtained as a function of
time. First the velocity profile is determined, then the
average velocity is found, and finally the change of man-
ometer position is calculated. With the new h*, the oper-
ation can then be repeated for the next time increment.

The velocity profiles and the overall time behavior ob-
tained by the numerical integration method are only ap-
proximate because of the truncation errors involved.
However, when the ar® and at* grid were sufficiently re-
fined, the h* values, velocity profiles, and damping fac-
tors converged quite rapidly. The degree of refinement
depended greatly on the viscosity of the fluid in the
manometer. For a viscous fluid, 0.5 to 1.0 poise, the
equations with At* = 0.05 and Ar* = 0.1 closely ap-
proximated the final answer. However, for a 0.01 poise
fluid a At* = 0.0125 and Ar®* = 0.0125 grid produced
results which still fell somewhat short of the final extrapo-
lated values. The rate of convergence was determined to
be rapid, however, in that the size of Af, the change in
damping factor for a halving of the grid dimensions, was
approximately one-third the size of the previous A{ for
the previous grid change. Thus, the final damping factors
could be estimated by running integrations at two grid
sizes and then proceeding to estimate additional change
with the one-third factor rule.

Inclusion of End Effects

The equations as developed above approximately de-
scribe the Newtonian oscillating manometer. To obtain a
more accurate simulation, various end effects must be in-
cluded in the equations. Three major end effects should
be considered. These are flow reversal, surface tension, and
falling-film effects.

Flow Reversal. The velocity profiles at the ends of the
oscillating fluid are extremely distorted and are quite dif-
ferent from the profiles that exist in the main body of
fluid. In Figure 3, the flow pattern at the end of the fluid
moving downward is sketched. Fluid nearly stationary
along the wall must suddenly accelerate and flow along
the meniscus surface into the high-veocity center portion
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of the stream. All fluid flowing slower than the velocity of
the meniscus, which is the average velocity of the fluid,
must flow toward the center of the tube into a region of
velocity greater than the average velocity. For viscous
fluids, the streamlines are quite smooth, but for low-vis-
cosity fluids like water, the fluid tends to rotate in a large
toroidal shaped mass.

This end effect was empirically included in the differ-
ential equation by subtracting a pressure term equal to
the retarding effect of the flow reversal. The retarding
force was postulated to have the following form:

Fr = K1Sro <v2>p (17)

The subscript, T, stands for torus.

Kr is an arbitrary constatnt, and Sro is proportional to the
volume of the rotating torus. The retarding force was as-
sumed to be proportional to the fluid viscosity and some
characteristic velocity since the retarding viscous force in
steady state pipe flow is proportional to these two terms.
To include this term in the differential equations, Fr was
divided by the cross-section area, S and L to put it in
the AP/L form. In dimensionless form, this term becomes

P#p 4 <v*>

3/8 Kr rol/2
_2 Q5 0 = Y8 KT
L* 3 L*® p g2

(18)

This term, P°r/L*, is included in Equations (13) and
(14) by subtracting it from the right side of each equa-
tion. Kr is evaluated from the experimental data as de-
scribed below.

Surface Tension. If the contact angles between the lig-
uid and the manometer tube are not equal at the reced-
ing and advancing ends of the manometer liquid, then a
retarding force owing to surface tension must be included.
With a fluid tube system where the contact angles of both
surfaces are very close to 0°, the retarding effect is negli-
gible. However, if a nonwetting tube is used, the contact
angle changes drastically between an advancing and reced-
ing motion. To account for this effect, a surface tension
force term must be subtracted from the right side of
Equations (13) and (14). The net force exerted by the
surface on the solid is given below:

Fst = 2w 10Ksr (cos ¢r — cOs $a) (19)
FLUID: WATER Ky =0
VISCOSITY :0.936CP Ar* =00125
RADIUS OF TUBE: 1.256 CM A" =0.0128
ho = &l
ol— _'VELOCITY PROFILE MANOMETER
POSITION
-02
t* 228
-04fF <v*>:-1.038
h 50.7455 '
-08f o
o8k
ok
+0.1 —4 t
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.’: <v*>s-0.474)
S -aa h* s -6,692 i i
g v
w -067 B -
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0.4
" z2375 1
oz2f <v*>20.00696 — T
n* «-7382
oFr————— —— -
-4 \
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i i
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Fig. 4. Velocity profiles of run 20.
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Fig. 5. Velocity profiles of run 20.

When reduced to dimensionless form, the term to be sub-
tracted is
Psr® 4 QsM/L®
L* 3 °

where M is defined by <v*> = M| <v*>| and Q2 =
Kst (cos ¢r — cos ¢a)
'ro2pg

Falling Film. When the liquid wets the walls of the
tube, a film of liquid is left on the tube by the receding
liquid and is partly picked up by the rising liquid on the
return stroke. This effect reduces the mass of the system
temporarily and changes the instantaneous equilibrium

(20)

o VELOCITY PROFILE MANOMETER
POSITION
[+ !

1*: 6800
“02f <v*>:-0.3616 1

N :-5824
0.4, 1 f
08 -—
0.3F t*:71.50

<V¥>» 0.02291

ol "t :-6.425 -

ol—

*
>
>
=
13
=]
o
Y i
L <v*>: 08150 [
04 ol
w* :-03230
ozt
o
t
04k B
o2 *: 92.0 B
<V¥>: 0.3182
¢ WA
ok X

1*= 950
<v*>: 0.009899
N 597

Q 0.25

Fig. 6. Velocity profiles of run 20.

position of the manometer legs. For the analysis presented
here, this effect is ignored. When the experimental data are
analyzed, the average leg height, (h1 + h2)/2, is used at
all times as the height above the equilibrium position.

Additional mathematical analysis indicated that the in-
fuence of the falling film on the damping factor, except
for very viscous fluids with a { near 1.0, is quite small.
However, the cycle times are reduced from 0 to 10% by
the falling film. The analysis including the falling film will
be presented elsewhere.

Simulation Results
The simulation results are presented in Table 4 and in
Table 9 in the Appendix. The values of { and cycle times

TABLE 4. SUMMARY OF SIMULATION AND ExPERIMENTAL DATA FOR NEWTONIAN OsciLLATING MANOMETER Runs

Average cycle time—( dimensionless units )

Average damping factor

Simulation Simulation
Without With % error* Without With % error®t
Runno. Kr, ¢cm.—2 Experimental Kr Kr with Kr Experimental Kr Kr with Kt
20 288 48.3 477 477 —1.1 0.0303 0.0262 0.0303 0
21 70.6 49.6 49.0 49.0 —1.4 0.0659 0.0613 0.0659 0
22 56.1 48.9 47.8 47.8 —2.4 0.157 0.140 0.157 0
24 41.6 30.4 29.8 31.0 +2.0 0477 0.430 0.477 0
(Last half of first cycle )
31 192.8 52.2 51.5 51.5 —14 0.0338 0.0305 0.0338 0
32 74.2 54.7 54.0 54.0 —1.3 0.0765 0.0729 0.0765 0
33 60.0 59.7 58.0 58.5 —2.0 0.183 0.171 0.183 0
34 59.0 66.6 63.3 64.5 —3.2 0.373 0.343 0.373 0
35 72.2 75.1 72.8 77.8 +3.6 0.648 0.582 0.648 0
41 200 81.3 81.3 81.3 0 0.0787 0.0793 0.0804 +2.0
42 247 86.9 89.5 89.8 +3.3 0.202 0.197 0.202 0
43 210 66.4 61.0 61.5 —7.3 0.702 0.677 0.702 0
(First half of first cycle)
Avg. % error: —0.68% +0.17%

® % error = (simulated-experimental)(100)/experimental.

. 1 Kr was chosen to adjust the damping factor % error to_zero. Run 41 was arbitrarily simulated with Kr equal to 200 to show the relatively small
size of the end effect and the relative uncertainty of the end effect in the small diameter tube.
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Fig. 9. Velocity profiles of run 41.
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given are those estimated at convergence by using the
1/3 factor procedure previously described. Also, the
damping factors and cycle times are presented for the
cases of Kr = O and Kr equal to the value which best
simulated the experimental conditions after the first few
cycles. In Table 8 in the Appendix, the simulation data is
given as obtained from the computer for the various grid
sizes.

VELOCITY PROFILES

One of the more interesting results of this investigation
was the generation of the velocity profiles existing in the
manometer by the numerical integration of the equation
of motion. When the dynamics of an oscillating manome-
ter are described, the velocity profiles often are assumed
to be parabolic. As can be seen in Figures 4 through 9,
the velocity profiles differ markedly from the parabolic
profile. The parabolic profiles are approached only in fluids
with high viscosity and/or in manometers with small di-
ameters.

That the velocity profiles for an oscillating fluid
bounded by solid surfaces are not parabolic is not wholly
an unexpected result. A problem involving sinusoidal mo-
tion of a fluid next to a solid plane was presented by
Lamb (12), and a diagram of the position profiles to be
expected for this problem is presented on page 622 of the
reterence 12. The oscillating manometer profiles are more
complicated than the ones for simple harmonic motion
next to a plane because of the varying amplitude of vi-
bration which produces different velocity configurations
for succeeding cycles.

In the velocity profiles shown in Figures 4 through 9,
the ones for the 116-centipoise viscosity solution of sucrose
shown in Figure 7 approach the parabolic profile for most
of the stroke length; but even in this fluid, the profiles
deviate at the ends of the stroke. The other profiles are
shown for water in the 1.256- and 0.456-cm. radius tubes.
As can be seen for this low-viscosity fluid, the effect of
the wall does not travel very rapidly into the body of the
fluid. Most of the fluid tends to maintain a flat profile in
the first few strokes. On each stroke, a new distortion wave
is generated, and this wave travels into the body of the
fluid. Run 20 profiles show that the wave crest is main-
tained through a number of succeeding strokes. Each
stroke generates one crest, and, as a result, the first half
of the first cycle shows one maximum; the last half of the
first cycle shows one maximum and one minimum. An in-
teresting effect is shown in Figure 6 in that more maxima
and minima are present that should appear. This phenom-
enon results from the waves that reach the center of the
tube and are either reflected or transmitted on into the
other half of the tube. The generation of the new wave
at the edges of the tube starts before the manometer fluid
reaches the end of its stroke. While the bulk of the fluid
is still flowing in a downward direction, for instance, the
fluid at the edge of the tube has reversed direction and
is flowing upward. This phenomenon has the unusual
property of producing a force at the wall which tends to
help the fluid to flow in its macroscopic direction of flow
near the end of the stroke. The maxima and minima are
marked with small arrows in Figures 4 through 9.

With the velocity profile varying in shape for each
stroke, the damping factor tends to oscillate about a mean
value that is approached after three or four oscillations.
As can be seen in the simulation data of Table 8, the
damping factor on the first half cycle is low while the
factor on the second half cycle is high. The succeeding
factors continue to oscillate about the steady state value
with diminishing deviations. This effect is very pro-
nounced for the low-viscosity solutions in large diameter
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manometers and is quite insignificant in high-viscosity
solutions in small diameter tubes.

RESULTS AND CONCLUSIONS

In Table 4 the steady state experimental and simulated
damping factors and cycle times are compared for each
run. As can be seen, the agreement is in general very
satisfactory. The low-viscosity solutions gave the best re-
sults because more cycles could be measured, the ampli-
tude decrement was quite low, and the falling-film effect
was minimal. In the high-viscosity solutions, the measure-
ments for the small amplitude strokes had the greatest rela-
tive error, and therefore, agreement betwen the simulated
and experimental data should be less satisfactory. As indi-
cated in Table 4, the steady state damping factors were
adjusted with the appropriate Kr values to obtain, in
general, exact agreement with the experimental values.
However, the cycle times shown also agreed very well
with the experimental times. For the twelve runs reported,
the simulated times were on an average 0.7% smaller
than the experimental times. The standard deviation of
the time errors was 2.5%, and a student t test indicated
that there was no significant difference between the 0.7%
error and 0% error of perfect simulation.

An analysis of the simulation data for each cycle of
each run is shown in Table 9 in the Appendix. The New-
tonian manometer data were analyzed in this manner to
indicate the error ranges, standard deviations, and levels
of significance for comparison with similar non-Newtonian
data obtained on the same manometers. The non-New-
tonian data must be analyzed on a per cycle basis since
the damping factors and cycle times for non-Newtonian
fluids will vary as the amplitude of oscillation decreases.
The per cycle data for the Newtonian fluids indicate that
the first cycle was damped somewhat excessively by the
efflux of the air required to unbalance the legs for initial
start-up. The effect, however, was noticeable only with
fluids and tubes which had damping factors below 0.2.
The increase in damping in the first cycle owing to the air
efflux increased with decreasing tube radius. The average
percent error in the first cycle for the low-viscosity fluids
was — 99% for the 1.256-cm. radius tube, — 13% for the
1.06-cm. radius tube, and — 209% for the 0.456-cm. radius
tube. The values for the first cycle from the low-viscosity
fluids were not included in the overall averages reported
below.

The statistical analysis of the per cycle data is sum-
marized below:

Damping factors

Error range® —11 + 10%
Average error, x +0.87%
Number in average 30

Sum of squares 414

Sum mean square, s2 414/29 = 14.3
Sample standard deviation, s 3.8%
Sample standard deviation of mean, s 0.69%

Student ¢ hypothesis test hypothesis: x = 0

x—0

S—
x

t =

= 1.26 (statistically significant at 20% level)

® 9 error = (simulated-experimental)(100)/simulated).

Cycle times

Error range —~13 + 4%
Average error, x —23%
Number in average 24

Sum of squares 312

Sum mean square, s2 135
Sample standard deviation 3.7%
Sample standard deviation of mean, s 0.75%

Page 612

A.1.Ch.E. Journal

Student ¢ hypothesis test
—0
t = £ = —3.07 (significant at 99% level)

S
x

hypothesis: x = 0

An interesting development from the above analysis is
that the — 2.39% difference between simulated and ex-
perimental cycle times was significantly different statis-
tically from the desired zero percent error. The data in
Table 4 shows that the cycle time errors for the steady
state cycles were not significantly different from zero,
while the analysis including the initial cycles in Table 9
shows a statistically significant difference from zero. How-
ever, in both cases, the percentage error is small, and it
shows that the simulation is quite satisfactory. The in-
creased error of the initial cycles could be owing to some
of the assumptions of the simulation such as ignoring tube-
curvature effects, falling-film effects, and air-flow effects.
The per cycle analysis also shows the simulation damping
factors to be 0.87% higher than the experimental damp-
ing factors. This value is not statistically different from
zZero percent error.

The inclusion of the reversal end effect was necessary
to obtain good simulation agreement. The value of Kr
was varied for each run to produce the best simulation®.

TaBLE 5. RevErsaL Exp Errect, Kt VALUES

Viscosity, Tube radius, Kr, Avg. K,

Run no centipoise cm. cm.~2 cm.~2

20 0.9358 1.256 288

21 491 1.256 70.

22 23.8 1.254 56.1 56.1

24 116 1.256 41.6

31 0.9143 1.058 192.8

32 475 1.059 74.2

33 21.6 1.059 60.0 66.3

34 58.0 1.059 59.0 ’

35 114 1.059 72.2

41 0.9101 0.4562 200

42 4.75 0.4562 247 228.6

43 22.3 0.4562 210.5}

In Table 5 is presented a summary of the Kr values re-
quired by each run. The end effect adjusted the damping
factors from 10 to 15% in the 1.256-cm. tube, approxi-
mately 10% in the 1.059-cm. tube, and about 5% in the
0.456-cm. tube. The Kr values appeared to be somewhat
constant for a given tube size except for the low-viscosity
water runs.

When the value of Kr was adjusted to obtain agree-
ment between experimental and simulation damping fac-
tors, the end-effect correction was forced to include all
anomalies not included in the simulation equations. Two
such effects were turbulence and nonlinear flow patterns
owing to tube curvature. A calculation of Reynolds num-
bers with the maximum average velocity of each stroke
showed that turbulence could exist during these maximum
velocity periods in runs 20, 31, and 41. Also, as previ-
ously indicated, curvature effects were probably significant
in these same runs. The use of the curvature correlation
(18) indicated that some increase in damping factor
might also be expected in the first few cycles of runs 21,
22, 33, and 42. However, since the increased damping
owing to curvature decreases with decreased velocity, the

#* Only one simulation for each run with Kr set at same reasonable
value need be run. The value of A{/Kr was constant for each run, and
onlce 1thedratio was determined, the correct value of Kr could be directly
calculated.
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experimental damping factors should decrease in the low-
amplitude cycles where the curvature effects were shown
to be negligible from the above correlation.. That this de-
crease in damping factor was not observed would indicate
that curvature effects were negligible during the duration
of each of the questionable runs. Also, the Kr values
should be significantly lower for the high-viscosity runs
where the curvature effects did not exist. As can be seen
in Table 5, the Kr values remained almost constant for
all runs of a given size tube except for runs 20, 31, and
possibly 21. This agreement in Kr values would also in-
dicate that curvature effects were minimal in all of the
other runs. v

The turbulent action in runs 20 and 31 was observed
visually in the reversal flow at the ends of the tube. In
these runs, the toroidal action at the end of the tube was
observed to produce a torus which did not reverse
smoothly at the end of the stroke, but which appeared
to explode in the reversing acton. This effect was cbserved
by placing particles in the fluid at the end of the tube
and noting their movement with the fluid. For the higher
viscosity fluids, the streamlines at the end of the fuid
column appeared to be smooth. This turbulent action in
water produced higher Kr values as can be seen in runs
20 and 31.

The average Kr values were not constant for different
diameter tubes. The smaller the tube, the larger the value
of Kr. This variation suggested that the original hypothe-
sized form for the force at the end of the tubes should
have had a form where Kena = r0Kr. With this change,
the Kena values obtained are as follows:

Tube radius (em.) Kena {cm.—2)

1.256 70.5
1.059 70.3
0.4563 104.2

The end force would then have the form: Fr = KendaS
<vz> p.

The surface-tension term was not tested extensively
since in most of the manometers tested, the finid wetted
the tube walls and the contact angles for both receding
and advancing columns were 0 deg. The meniscus for the
receding stream was greatly deepened and for the advanc-
ing column was greatly flattened. However, the contact
angle for both columns still appeared to remain at 0 deg.

One experiment not reported in the above tables was

run in which water was oscillated in a Tygon manometer
tube. The water did not wet the plastic, and the contact
angle for the advancing column was about 105 deg. while
for the receding column was about 75 deg. This surface-
tension effect caused the damping factor to increase as
the amplitude became smaller, and at a limiting position,
the oscillation stopped even though the legs were slightly
out of balance. In simulation of this run, the surface-
tension effect end term produced this type of action.

The above reported results suggest that the oscillating
manometer can be used as a rheological model testing
device. To be able to discriminate between rheological
effects and simulation effects, the equation of motion
should be numerically integrated. Also, to eliminate errors
in damping factors of from 5 to 15%, the flow-reversal
end effect should be included in the simulation equations.
With this modification, the comparison of experimental
and simulation data should indicate the validity of using
the particular rheological equation under the unsteady
state conditions existing in the oscillating manometer. The
study of non-Newtonian flow in oscillating manometers
will be discussed in a subsequent paper.

Vol. 9, No. 5

A.1.Ch.E. Journal

ACKNOWLEDGMENT

The author wishes to thank Professor R. B. Bird of the Uni-
versity of Wisconsin, Madison, Wisconsin, for his introduction
to the oscillating manometer problem. His suggestions and as-
sistance were extremely helptul. Also, thanks should be given
to Professor E. H. Wissler of the University of Texas, Austin,
Texas, for loaning the author and Professor Bird a copy of the
report describing an undergraduate research project on a non-
Newtonian oscillating manometer. Financial support was re-
ceived from National Science Foundation Grant G11996.

NOTATION

Fr = force at ends of liquid legs owing to flow reversal;
dynes

Fsr = net force on moving fluid owing to surface ten-
sion; dynes

gz = acceleration owing to gravity in axial direction;
cm./sec.?

ha*, ho* = height measurements

h1 = léft leg height above initial equilibrium position;
cm.

hs = right leg height below initial equilibrium posi-
tion; cm.

h (h1 4+ h2)/2

h* dimensionless leg height; h/ro

k radial position for numerical integration

Ksr surface tension, dynes/cm.

L = length of manometer fluid; cm.

L* dimensionless length of manometer fluid; L/7o

m time position for numerical integration

M sign of average velocity in manometer

n number of half cycles between height measure-
ments, ho* and h*

P = hydrostatic pressure; dynes/sq.cm.

® = combined static pressure and gravitational force;
P—pgz

P*r = dimensionless pressure owing to flow reversal;
(4/3) <v*> Q2

P*sr = dimensionless pressure owing to surface tension;
(4/8) <v*> QsM

r = radial distance from center of tube; cm.

To = radius of tube; cm.

r* = dimensionless radius, /7o

Ar* = numerical integration radial increment

R = radius of manometer bend; cm.

s = sample standard deviation

S = cross-sectional area of tube; sq.cm.

t = time; sec.

t* = dimensionless time; t[ (3/2)g/r.]'/2

At* = numerical integration time increment:

v = fluid velocity; cm./sec.

vr = fluid velocity in radial direction, cm./sec.

ve = fluid velocity in circumferential direction, cm./
sec.

vz = fluid velocity in axial direction, cm./sec.

v* = dimensionless velocity; o[ (8/2)r.g]171/2

z = axial distance in tube; cm. .

Greek Letters

L = damping factor in second-order damped-har-
monic differential equation

w = Newtonian viscosity; dyne sec./sq.cm.

$r = contact angle of receding column

$éa = contact angle of advancing column

wn = natural frequency of the system in second-order
damped harmonic differential equation

01 = dimensionless reciprocal kinematic viscosity:

(£) (55)"
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02 = dimensionless flow reversal viscous drag force:
(3/8)1/2Krtop/ (pgh'2)

N3 = dimensionless surface tension: Ksr(cos ¢r— cos
ba)/ (1%pg)

< > = quantity averaged over area of tube

p = fluid density, g./cc.
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The Dynamic Behavior of a Pulsed-Plate

Extraction Column

To achieve better design of automatically controlled
systems, there is an increasing need to determine experi-
mental data describing the dynamic behavior of chemical
process equipment. Some few data have been published
for countercurrent diffusional operations such as absorp-
tion (I, 8, 4) and extraction columns. Recently two papers
(2, 7) have appeared describing the dynamic behavior of
pulse-plate extraction columns based on both analog and
digital computer solutions of mathematical models. The
present work was undertaken to provide experimental
dynamic extraction data to compare with linear theoreti-
cal models over the entire range of column flow conditions.

A pulsed-plate extraction column was chosen for the ex-
perimental work because variation of the column pulsa-
tion frequency allowed collection of data over a large
range of mass transfer efficiency and fluid turbulence. The
dynamic response of the system was measured with and
without mass transfer to determine the effect of fluid flow
on the overall column dynamics.

John W. Watjen is with E. I. DuPont de Nemours and Company, Incor-
porated, Wilmington, Delaware.
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The theoretical linear-model response was determined
by writing the general time-dependent differential ma-
terial-balance equation for a model with mass transfer
and fluid mixing and by solving the equivalent finite-dif-
ference equation using Laplace transforms. The solution
gave the output as a function of signal frequency (s =
jo) when the system was initially disturbed by a specific
input such as a unit step or a pulse. At each value of
signal frequency these results were expressed as the ratio
of output-to-input amplitude (magnitude) and as the
phase difference between the input and ouput.

At four column-pulsation frequencies, the experimental
dynamic response was determined by the pulse method
(5) for conditions of good mass transfer and of no mass
transfer. The combined response was determined with a
pulse of acid into the methyl isobutyl ketone, acetic acid,
water system. The fluid-flow response was determined
with a pulse of scarlet-red dye, which was insoluble in
the methyl isobutyl ketone phase. The acid concentration
was measured by titrating output samples, and the dye
concentration was measured with a spectrophotometer.
The flow rates, mass transfer stage efficiencies, and eddy
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